The excessive [m]-index of a graph G, denoted by χ 
Introduction
Throughout this paper, a graph G always means a simple connected finite graph (without loops and parallel edges). We use the standard notations V (G), E(G) and ∆(G) for the vertex-set, edgeset and maximum degree of a graph G, respectively. Further, the degree of a vertex x ∈ V (G) will be denoted by δ G (x). A matching M of G is a set of independent edges of G and we call [m]-matching a matching of G of size m. We define a graph G to be [m]-coverable if each edge of G belongs to an [m]-matching (for a complete treatment of matching theory we refer to the classical book of Lovasz and Plummer [9] ). The main aim of this paper is the study of the excessive [m]-index of a graph. The excessive [m]-index of G is defined in [5] as the minimum number of [m]-matchings needed to cover the edge-set of G and denoted by χ is largely studied, where we are asking for a cover of the edge-set with perfect matchings (1-regular spanning subgraphs). In this case the excessive [m]-index is simply called the excessive index in [2] and the perfect matching index in [7] . The author proved in [12] and [13] how two well-known conjectures of Berge, Fulkerson and Seymour (see [8] and [15] ) can be easily stated in terms of the excessive index. Furthermore, some general properties and the exact value of the excessive index for some relevant families of graphs is studied in various recent papers (see [1] , [14] , [6] and [11] ). For what concerns small values of m, trivially χ ′ [1] (G) = |E(G)| holds and it is quite easy to prove that χ ′ [2] (G) = max{χ ′ (G), ⌈|E(G)|/2⌉} holds for each [2] -coverable graph G, where χ ′ (G) denotes the chromatic index of G. The case m = 3 is far from being trivial and it is completely solved by Cariolaro and Fu in [4] (see Theorem 1) . In this paper we prove a general formula to compute the excessive [4] -index of a tree. This formula gives a complete answer to a problem posed in [5] . Furthermore, we exhibit a graph (not a tree) for which such kind of formula does not work. Finally, we conjecture a general formula for the excessive [m]-index of any tree (for all values of m) and for the excessive [4] -index of a general graph.
Notation and terminology
In what follows, we will say that a matching M of a graph G can be extended -cover are strictly related to chromatic index and edge-colorings of a graph. Indeed the chromatic index can be defined as the minimum number of matchings, without constraints on their sizes, needed to cover the edge-set of a graph. Furthermore, an [m]-cover F of G can be viewed as a multicoloring C of the edge-set of G. More precisely, we mean that each [m]-matching of F is a color of C and so each edge e ∈ E(G) receives a number of colors equal to the number of [m]-matchings which contain e. We will say that C is the multicoloring associated to the [m]-cover F . It was useful in [4] and [5] to consider edge colorings whose color classes have approximately the same size. The same idea turned up to be useful in our proofs as well. More precisely, an edge coloring is called equalized if it has the property that the difference between the sizes of any two color classes is at most 1. We shall often use (without further reference) the following lemma, due to de Werra [16] and (independently) McDiarmid [10] . Lemma 1. Let G be a graph. Then G has an equalized edge coloring with χ ′ (G) colors.
Our main aim is the determination of a formula for the excessive [4] -index of a tree. A particular role in our proofs is played by caterpillars. A caterpillar is a tree in which there exists a path that contains every node of degree two or more. The (necessarily unique) path induced by the vertices of degree at least two of a caterpillar is called the spine of the caterpillar. We denote a caterpillar by CAT (d 1 , . . . , d t ) , where the path (x 1 , . . . , x t ) is the spine of the caterpillar and d i = δ(x i ) − 2. See Figure 1 for an example. 
S(m)
is not a star K 1,t for some t.
The additional condition 2. is assumed in order to avoid trivial cases. When the cardinality m is clear from the context, we will use the notation S in place of S(m). We will denote by s(G) the cardinality of the largest splitting set of G. The concept of a splitting set was introduced in [4] in order to produce a formula for the computation of the excessive [3] -index of an arbitrary graph. More precisely, Cariolaro and Fu proved the following theorem.
The same authors introduce in [5] the notion of an [m]-compatible graph, that is a graph for which χ
In particular, they prove that all trees are [3] -compatible.
Furthermore, they construct a tree which is not [5] -compatible and they leave the determination of [4] -compatible trees as an open problem. In this paper, we give an answer to this question in a very strong sense by proving that there are exactly three [4] -coverable trees which are not [4] -compatible (see Figure 2 ).
Since our main result concerns trees, we need to establish some general properties of splitting sets of an [m]-coverable tree. 
Proof. Suppose δ T (x) = δ S (x) holds for a vertex x of S. Let {e 1 , e 2 } be a [2]-matching of S such that e 2 is incident to x (such a [2]-matching does exist since S is not a star). The tree T is [m]-coverable, so e 1 belongs to an [m]-matching, say 
The excessive [4]-index of a tree
In what follows we will make large use of Lemma 4. This lemma is just a particular case of a more general result proved in [3] . We repeat its proof in our particular context for the reader's convenience. Proof. Suppose F is not a [4]-cover of G, then there exist two matchings
is either a path or a cycle of even length (possibly a single edge belonging to both F i and F j ). In the latter case the connected component of F i ∪ F j has the same number of edges as F i and F j . Then, by |F i | < 4 < |F j |, there exists at least a connected component consisting of a path P of odd length starting and finishing with edges of F j . The exchange of edges in P increases |F i | by one and decreases |F j | by one. The iteration of this process furnishes a [4] -cover of G of size s.
Proof. being less than, equal to or greater than ∆(T ), respectively. In what follows F will always denote a minimum [4] -cover of T and C the multicoloring of T arising from F . Consider the case < ∆(T ) and δ T (x) < ∆(T ). This concludes the proof of the proposition.
Lemma 6. Let T be a [4]-coverable tree of diameter at least seven. Then T is [4]-compatible.
Proof. Let T be a tree of diameter greater than 7, that is T has a path of length 8 as subtree. Since a path of length 8 is a [4] -compatible tree, it follows from Theorem 3 that T is [4]-compatible. From now on, we can assume the diameter of T equal to 7. Let (x 0 , x 1 , . . . , x 7 ) be a 7-path P in T . If T is not a caterpillar then it contains one of the two trees of diameter 7 in In the same way one can check that if a caterpillar T does not contain the two caterpillars in Figure 4 and it has either three or four d i 's greater than 2, then T In the following proofs we will use the fact that all trees in Figure 5 are [4] -compatible (for each tree we exhibit a [4] -cover which uses a number of [4] matchings which is equal to the maximum degree of the tree). Furthermore, we would like to recall that the chromatic index χ ′ (T ) of a tree is equal to its maximum degree ∆(T ). 1, 1, 1, 0), CAT (1, 1, 1, 1, 0) and CAT (1, 1, 1, 1, 1) is equal to 4, that is exactly the cardinality of their largest splitting set. Let (x 1 , . . . , x 5 ) be the spine of CAT (0, 1, 1, 1, 0) and let y i be the further vertex adjacent to x i , for i = 1, . . . , 5 (see Figure 2) . It is an easy check that the set of edges 
for i = 1, 2, 3, 4. The same argument can be easily adapted to obtain the same result for CAT (1, 1, 1, 1, 0) and CAT (1, 1, 1, 1, 1) . Let x be an arbitrary vertex of CAT (0, 1, 1, 1, 0) . Now we prove that each tree T obtained by adding a new vertex z and the edge [x, z] to CAT (0, 1, 1, 1, 0) is either [4] -compatible or it is the caterpillar CAT (1, 1, 1, 1, 0) : if x = y 1 (x = y 5 ), then T has diameter 7 and it is [4] -compatible from Lemma 6, if x = y 2 (x = y 4 ), then T contains the graph ii) in Figure 5 , hence it is [4]-compatible from Theorem 3, if x = y 3 , then T contains the graph iv) in Figure 5 , hence it is [4]-compatible from Theorem 3, if x = x 2 (x = x 4 ), then T contains the graph vi) in Figure 5 , hence it is [4]-compatible from Theorem 3, if x = x 3 , then T contains the graph iii) in Figure 5 , hence it is [4]-compatible from Theorem 3. Finally, if x = x 1 (x = x 5 ), then T is the caterpillar CAT (1, 1, 1, 1, 0) . We can repeat exactly the same argument starting from CAT (1, 1, 1, 1, 0) and we obtain that each tree which contains CAT (1, 1, 1, 1, 0) is either [4] -compatible or it is the caterpillar CAT (1, 1, 1, 1, 1) . Repeating the same argument again we obtain that each tree containing CAT (1, 1, 1, 1, 1) is [4] -compatible and the assertion follows. 
> 3 which implies T has the tree v) of Figure 5 as a subgraph. By Theorem 3, T is [4]-compatible.
does not belong to a [4] -matching of T , a contradiction. Hence, T contains the tree CAT (0, 1, 1, 1, 0) as a subgraph, by Lemma 7 the formula holds. • Case III: If exactly one of the vertices y i has degree greater than one in T , then the corresponding edge [x i , y i ] does not belong to a [4] -matching of T , a contradiction. We have three subcases:
T contains the graph ii) of Figure 5 and T is [4] -compatible by Theorem 3.
T has diameter at least 7, T is [4] -compatible by Lemma 6. • Case IV: If both vertices x 3 and y 1 have degree one in T , then the edge [x 2 , y 2 ] does not belong to a [4] -matching of T , a contradiction. Hence, T has diameter at least seven and T is [4] -compatible by Lemma 6.
• Case V: If just one of the vertices y i has degree greater than one in T , then the corresponding edge [x i , y i ] does not belong to a [4] -matching of T . Without loss of generality, we can suppose δ T (y 1 ) > 1. Hence, T has diameter at least seven and it is [4] -compatible by Lemma 6.
• Case VI: T has diameter at least 7 and it is [4] -compatible by Lemma 6 .
• 
Final remarks and conjectures
Note that Theorem 4 cannot be generalized to the entire class of [4] -coverable graphs. Consider the graph G in Figure 7 . It has ∆(G) = χ ′ (G) = 6, ⌈|E(G)|/4⌉ = ⌈21/4⌉ = 6 and s(G) = 3 (the largest splitting set is a circuit of length 3). On the other hand, each [4] -matching of G contains at most two edges in the clique of size six of G. Hence, χ The same idea can be used to prove that an analogous formula does not work to compute the excessive [5] -index of all trees. Consider the caterpillar 
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